Abstract. In this paper, we characterize compact linear operators from Banach function spaces to Banach spaces by means of approximations with bounded homogeneous maps. To do so, we undertake a detailed study of such maps, proving a factorization theorem and paying special attention to the equivalent strong domination property involved. Some applications to compact maximal extensions of operators are also given.
Introduction
It is well-known that compact linear operators between Banach spaces can be approximated by a sequence of "elementary maps"-finite range linear operators-whenever the approximation property is considered. Here, we are interested in compact linear operators defined on Banach function spaces into Banach spaces. We will see that, in this case, no approximation properties are required to get approximations by other elementary maps: bounded homogeneous maps with some nice properties. These properties are related to the way homogeneous maps can factor. As far as we know, there are no powerful classical factorization theorems for homogeneous operators others than the so-called Maurey-Rosenthal theorems (see for example [2, 3] ). Therefore, we provide a factorization theorem for a class of homogeneous maps, that will give interesting information in our study of compact linear operators.
These considerations yield two main purposes in this paper. On one hand to isolate those homogeneous maps that factor through a given homogeneous map and to characterize them by means of a strong domination property. On the other hand, to apply this study of strongly dominated homogeneous maps to characterize compact operators, from Banach function spaces into Banach spaces, as norm limits of homogeneous maps that satisfy a domination property. We prove that in some cases it is also possible P. Rueda and E. A. Sánchez-Pérez MJOM to obtain a factorization of the compact operator itself. To get such characterizations, we consider those homogeneous maps that are dominated by a distinguished homogeneous map, the so-called φ p . This map will allow to describe order bounded sets, that play an important role in the study of compact operators. Some applications to operators allowing a compact extension to their optimal domain-i.e. to the biggest Banach function space to which they can be extended-are also given. Our most basic ideas are inspired in a classical technique that has its roots in the Grothendieck's description of weakly compact sets. The fact of considering the setting of Banach function spaces allows to combine these techniques with tools as p-convexifications or Maurey-Rosenthal type theorems. The paper is organized as follows. In Sect. 2, we fix notation and review definitions and basic properties on Banach functions spaces. In Sect. 3, we introduce strongly dominated homogeneous maps and characterize them by means of a factorization scheme. We define the distinguished homogeneous map φ p : X(μ) → X [1/p] , where X(μ) is a Banach function space and
1/p and use it to characterize order bounded sets in X. In particular, homogeneous maps that are strongly dominated by φ p take the unit ball of X to a uniformly μ-absolutely continuous set. A weaker domination by φ p described as a norm inequality (see Proposition 3) is also characterized by means of a factorization property, and yields to a property closely related to uniformly μ-absolutely continuity. This property transforms essentially compact operators to compact operators as shown in next section (Proposition 6). In Sect. 4, we develop the consequences of the previous factorization/domination results to the study of compact linear operators T : X(μ) → E, where X(μ) is a Banach function space and E is a Banach space. The main characterizations of compact operators are included in Theorem 4. Finally, in Sect. 5, we give some applications to characterize compact optimal extensions of (compact) operators.
Background and Notation
Our notation is standard. If E is a Banach space, B E and S E are the closed unit ball and the unit sphere, respectively. We will write E * for its topological dual. If φ : U → E is a homogeneous map-i.e. a map that satisfies φ(λx) = λφ(x), for all x ∈ U and all λ ≥ 0-from a homogeneous subset U of a Banach space F , we will call φ := sup x∈U ∩BF φ(x) the norm of φ on U . Convergence of sequences of homogeneous maps will be considered in the sense of convergence with respect to this norm. Given 1 ≤ p < ∞, we write p for the conjugate of p, i.e. 
